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Abstract: The norm皐� 1acce1eration co凶� '01of du寵� 1-contro1・surfacemissile is a typical 
MIMO prob1em， where v轟riousmodern contro1 design techniques are emp1oyed. 
Coe節� cientDiagram Method (CDM)， with proven e偽� ctivenessin SISO or SIMO蹴� tro1 
design，h器� sbeen applied to this MIMO prob1em. It isぬ� ownthat MIMO design prob1em 
C組� bedecomposed into宰� eriesof SIMO problems， and feedback ∞� n針。l1ercan be 
designed step by step with CDM. The ex出� fteedomin dωign is u鈴� dto design 
feed-ぬ� rward∞柑�  ol1erof variou事� cha偽記� teristics.The meaning of ex回� fteedomtypical 
in MIMO system is clarified. Copyright e 2001 IFACo・� 
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2. BASICS OF CDM 

Th章� norma1 acceleration co柑� 01 of the 2.1 Basic Philo曲� ohvofCDM
"旬、

dual・control-surface missile is a typical MIMO 
(Multi-input-multi-output) problem， where varlous The CDM 短 縮 �  a1gebraiccontro1 desi炉� approach 
modern controI design techniques釘� eemp10yed. The wi治倫�  efollowing経� vefe畠� tures (Manabe，1998b). 
Coef恥� ientDiagram Method (CDM) is pro守� ento b器� (1) Polynomials轟� ndpo1界� .omi轟� 1matrlces叙港� used 
effective in SISO (Singleぺnput働� single心� utput) or for sy器� temrepresentation. 
SIMO problem (Ma関� be，1998b). This p晶� pershows 。)� Characteristic po1ynomia1総� dcontroller are 
CDM can be applied to MIMO by deconをposingthe simu1taneously designed. 
problem into seri総� ofSIMO problems. Then each 。)� Coefficient diagram 凶器舵� ctivelyuti1ized. 
SIMO problem can be solv号� dby standard CDM (4) The sufficient condition for stabi1ity by 
procedure. Li戸 tov (1978) constitut母� sthe theoretic轟� 1basis 

ofCDMゆ� tanabe，1999). 
Contr苫� ryto SISO case，too much design企� eedomis (5) Kess1er (1960)尚，� ndardform is improved and 
le会� tode轟� ignerin MIMO case，andぬ� makewise u喜ed総� thest組� dardform of CDM. 
decisio設� atぜledesign becomes a difficult problem to 
the designer. Serial solution of SIMO problem CDM de翠� igni器� basedon the stability index and 
gr鵠� tlyhelps the designer to r郎� kesuch おむ� ision 句� uiva1enttime constant皐� sdefined later. Thus for the 
wisely.‘ By thi草� waぁ� themeaning of normal specified settling time， a controller of the 10w苦� st 
邑cceleration control of the dual-contro1網� surface order wi白紙�  narrowest bandwidth and of 
missile becomes much c1earer compared with the no・oversh∞� tcan be easily designed. CDM can be 
controll母� rdesi伊� bymodern con位。� i consider意� d as “Gen釘漁� lized PID"， beca硝� e the 

controJ1er c総� bemore comp1ex than PID，轟� ndmore 
This paper is organized as follows. In Section 2，the reliぬ� 1eparameter selection ru1es are provided. Also 
basics of CDM are exp1ained. In S輩出� on3， th告� CDM be considered as “Improved LQGヘ� 
mathematic皐� 1mode¥ of量� dua1心� ontroトsurfi皐� cemissile because the 

can 
order of control1er is smal1er and weight 

is presented. In Section 4，the basic co魚住� 01s民認知� m selection ru1es are also given (M轟� nabe，1998a). 
is determined b器sedon coefficient di語� gramanalysis. 
ln Section 5，盆� feedbackcontroller is dぉ� ignedas a 
SIMO prob1em by CDM In Section 6， varlous 2.2 Mathematica1 Mode1 

‘� 

‘� 

feeふ� forwardcontrollers are sugge墨ted.ln Section 7， 

皐� imulationresu1ts are shown for these controllers. In The事� tand龍� rdblock diagram of the CDM design is 


，lidto SIS0器gramis v轟，This di1. shown in Fig. nmarized.s滋the CDM design of MIMO is，Section 8

INTRODUCTION 1. 

SIMO， and MIMO. In SIS0， the variables組� d 
components al1号 all宰� ca1arsbut 泌� MIMOth母� yare 



vectors and matrices ofproper dimension. The pl鎚� t 
equation is giv側総�  

Ap(s)x u+d (la)獄� 

yロBp(s)x，� (lb) 

where u，y，皐� ndd are input，output，and disturbance. 
The symbol X is called the basic state variable. 
Ap(s)制� d Bp(s) are the denominator and numerator 
polynomial ma凶.x� ofth容が� ant.It will be 縄� sily鎚開

白紙血� isex予防� ssionhas轟� dir容ct ∞rrespondenc宰� with 
the control canonical form of the state-space 
e.xpression，and X corresponds to the statvariableof ，宰� 

the lowest order. All the other states are expressed 
as the derivatives ofX ofhigh order. 

Controller equation is given鎚� 

Ac(s)u=Ba(s)Yr Bc(s)(y+n)，� (2)叩� 

where Yr and n are refとrenceinput and noise on the 
output. AC<s) is the denominator polynomial ma出� x 
of the control1er. Bo(s) and Bc(s)邑recalled the 
r書偽� renceand feedbac孟� numeratorpol戸� lomi轟� 1matrix 
of the control1er. Bec昆湖書出�  econtroll叡智�  ansf己r
ぬ� nc恥� n has two numerators， it 章 容器� 11剖� 

two-degre章。� f併合� eedom sy書tem. This expression 
con官叩� ondsto th号� observercanonical form of the 
state-space expre毒事� lon. 

b) 8， (2) by Eqs. (1Eq.fromuandYElimination of 
glves 

A(s)x端� B.(s)y，+Ac(s)d-B.(s)n ， (3a) 

where A(s) is the closed-loop system pol戸� lomial 
matrix and given ω 

A(s)=Ac(s)A，(s)+Bc(s}Bp(s) . (3b) 

The characteristic pol戸� lomial P(s) is give食器� s，� 
P(s)諸� detA(sト� (3c) 

The input output relation is giv宰� n皐� S 

[xi li;|YI=一一� 1Bp(s) 1草場� A(s) 
P(s)l ，"::I 

u I -，-F IA.(s) I 

101 

[B.(s)y，+Ac(s)d四� B.(s)nト� 101. (4) 

Idl 

Z揖帯場融� I'IInt 

CDM説幻滅� ardblock diagr事m 

Basic Relations .32 

Som号� mathematicalrelations extensively used in 
CDM will be introduced hereafter. These relations 
w il1 b書� freely used in 皐給� r sections. The 

characteristic polynomial P(s) is given in the 

fol1ow時� form. 

a/2.=，a+...+s"al1れP( s+ao (5) 

1-0 

τL旬 以ns∞the equivalent time ')1， The stability index 
and the stability limit ')1" are defined as follows. 

2ゎ=aI/(ai+1aH) ， i=l-nペ� (6a) 

τ 詔~~， ~~ 

ガ濡� νγUl+1ケ山� (6c) 

滋斡.are defined '0 γ'l1andγ

The equivalent time co部� tantof the ithorder 1i is附� 

defined 泌総�  simil町� manneras忽� 

τ，= a'+1 Ia， (7) 

By Eqs. (6a) and (7)， 
τ'Jτ4・I=(a仲 I/a，� 11γ")(a，la/-l) (8a)郡� 

τ1=τドJrl τI(γt� …γzγiト� (8b)描� 

By repeated use of Eqs. (7) aj is expressed by 

τI andao・� 

a，τH� …τ1τ� ao (9畠}認� 

By Eq. (8b)，this reduces to 
(9b)2.注i)， r:叶t2γ…lγiz九I/(。τa例措� 

Then ch叡� acteristicpol戸� lomialis expressed by a喜多� 

τ，蹴d')1 a書おl10w百.� 

P(s)出向日ヱ<TI1/rLj)(τげ}+τs+l] (9c) 

The s¥品質� ici皐� nt ∞ndition for st呈� bilityand instability 
constitutes the theoretical basis of CDM. It states総� 

follows. 
"τhe system of any order is stable，if邑11the partial 
4th order pol戸� lomialsare stable wi出� themargin of 
1.12. The system is unstabl母� ifsome partial 3rd 
order polynomi轟� 1i墨U描� table." 
Thus出� esu節� cient ∞nditionfor stability is given ω 

角川.l2[生ヱ!..a1+2
十全土!..al2]' (10a)

“� 

al+l ai-l 

れ>1.12γ:，jbrail i=ト� n-2. (10b) 

The総� fficientcondition for instability is given as 

al+1alSal+2aj時� l' (11a) 

町γi+lrl S 1， forsome i出� !-n 2. (llb) 

These conditions are gr母� hicallyexpressed in the 
coeffi辛� ientdiagram，and治� edesigner c錨泌総討� vely 
asse蕗sthe stability ofthe sy事tem(Manabe，1持続).� 

In CDM， the following st油� ility indices are 
re∞沼郡昏� nded. 

Yんi器� =γ3=γ2端� 2，� γI= 2.5 (12a) 

For more rel呈xed告Jrm，with very small sacrifice of 
stabi1ity， 

れ>1.5r;， n-lぺ需� 

ぉ� =r2鵠� 2，� rl = 2.5. (12b) 

In these ca護毒事，� the step respo出雲�  ofEq. (4) has no 
overshoot，and the墨書� ttlingtime is about 2.5-3τ ー

1. Fig. 

o 




3. MATI王室� MATICALMODEL OF 
DUAL布� CONTROL-SU豆� FACEMISSILE 

The dualcontrol-surf為的� mi事� sileis sown in Fig. 2.鯵� 

This example is se!ected from an open literature 
(Ochi，1997). This missile has length of 5 m. The 
operating condition is 10，000 m in altitude and 3 M 
(900rr内容� c) in speed. The required norm畠� l 
a∞e!er凶� onis 25 g or about 250 mlsお~. The state 
equatlon IS gtven as 
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Ap(s)[wl;ql]=[uo;u，] ， 

[a;q;α1=Bp(s)[w1;qI1， 

]， =[-240 0;0 -346，B. ]，q，'[W;B;;ql1l[w 器

盟w1 -O.0041667w= α，-3.75，� 

ql =叩 {).0028902q， 

.Ap(s) =B;lA".(s)B.，，
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(13) 
wher意� wis the downward speed in mlsec; q is th翠� 

.onoft1俗説are the de4. 	pitch rat inrad.lsec; ~and悲� 

the front and rear con位。� Isぽ� facesin rad; a is the 

norm皐� 1acceleration in mlsec2;αis the angle of 
鋭� ackin rad and defined墨� swlU，where U is the 
forward speed. The actuator d抑制�  icsis represented 
by a time lag of 0.01 sec，and con段。� Iinputs are ul 
and u，・� 

The simpli祭器� dmodel for control design is deduced 
合'Om this model. First，the acぬ� atordyn墨� micsis 
neg!ected. 

δf=U" o，器� u， 呈〉4(1 

鮒Fig.2. 	 D鴻� lcontroトsurfi語� C輩出� ssile 

4. CONTROL STRむ� CTUREDESIGN 

The p国� poseof control is to make the normal 

Thus ，. ofollow the command a	もacceleration a
Then virtua! input U a is defined as 

Uo
器� U，+U，ー� (14b) 

Then 

U，=Uo-U， (14c) 

総the design model i，c)，b語，� ByEqs. (14 宰� derived

初� F -0.746 900 一240 
q 0.0532 -0.572 155 

a 一 0.746 0.0991 240 3461 
時� 

O O 
ooo 飢uq-， (15) 

q 

a 11900 O O 

For e呈sierm皐� nipulation，MATLAB style草� xpression 
ofvector is employ器� d，where a column vector [1 3 
6]'ぬ� representedas [1; 3; 6]. Then the polynomial 
matrix expression is given as 

A".(S)[W;q] B.[uo;u，]，需� 

]，(s)[w;qBα];q; [α 器� "，

1s+0.746 -900 1 
4幼� =1 ^ ，~~ 1

1-0.0532 s+ 0.572 1 

1 -s 900.09911 

凡(s) =	1 0 1， 

111900 0 


B. = [-240 0; 155 -346]. (16) 

CDM・standardpolynomial maぽ� ixmodel is obtained 
as 

the number of main output is only one，but there釘� e 
domis left食慾章essiveむand ex，outputs '3 2 inputs and 

ぬ� design母� r.In order to determine the basic control 
structure，註� le6 input網outputrelations are derived as 

，]， (s)]B..(s)adjAp(s)[uo;u〆[11Aαl[a;q; 泣

+ 1.3180sdetAp(s) S2(s)，.，A 盟� = 47.453，叩� 

Bp(s)adjAp(s)吋baabar;bra bqr;baa bαr1 

baa 240s2 +152.64s+925き6，認� 

bar = -34.289s 232330，叩� 

bqa = 155s+ 102.86， bqr 346s-258.12，出向�  

加� a=-O.266667sゃ� 154.紙� bα r=-346. (18) 

These result are obtained by Polynomial Toolbox 
g糊� kem鎚� k，20∞);� These polynomials areぬ� own 
in the coe釘� cientdi皐� gramof Fig. 3，where the 
∞effici釦� tofiis multiplied by 10' for convenience. 
T泌� minusvalue is indicated by付.� 

For denominator Apl.s)，the 1st order ∞喜市� cientis 
too器malland the 0白� ordercoefficient is negative. 
These two coe筋� cientsmust be modified by the 
f記� dback.The 1st order coe箆� cientcan be modified 

by proper feedback involving bqa and bqr. Because 

these two signals are almost ali討委� eitherofthem 岳部�  

be ¥脇村. The O-th order ∞effici母� ntcan be modified 
by bar， baa，加� d bα� r. However baa can not 
be used，be係国書�  itaffi悦� tsboth 2nd and 0・役� lorder. 



1ω 

From this analysis，th悲� mostreasonabl草食事�  dback 
control is to control u， by 0 and q，while keepin草� 

u. equal to zero. 

Th悲喜� ignal 0 組� dα 轟re畠� imilari際関ぬ�  re. Since 
o is necessary for cor榔� i組，� yway，there i軍部包容�  ed 
forαin f1鵠 dbackcontrol. A語根予�  lainedlater，α 

rwardcゐcan be controlled effectively by feed 1.0附o

をωa 制御!�  g-) 
間ff.~ I昌'� 10号，欲担E 
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Fig.3 Denominatorand numer畠� torpolynornial竃� 

5. FEEDBACK CONTROL DESIGN 

By making u. = 0， the plant 泌� comesa SIMO 

system and expressed as 

，•u=α];q; {α [11Apd(s}J[bor;bqr; bar] (19a) 

The natural choic事� ofcontroller is a PID con町� oller 
with the feedback ofq and 0 such墨書� 

SUr =koo，[k1sq+(主IS+ko}o]. (l9b)四� 

The block diagram is shown in Fig. 4. From Eqs. 
(3b，c)，the chara備制�  cpolynomial P(s) becomes 

P(s) sAμ(s)ゃιs(bqr)+ (k，s+九)(bor)目� 

= S3 +OlSl +ols今偽・� (19c) 

This is a 3rd order system，and 1i and ，う釘� echo器en 
as治� estandard value. 

r2鴇� 2，� rl 2.5 (20a)濡� 

Because設leneglected ac旬以� ordynamics has tim垂� 

constant ofO.Ol sec，the good value of 1'1is 0.02 sec， 
twice as large. By Eq. (8持参� 

(20b). .1 τ= 0 
Then by Eq. (9b)， 

U 1=50， 01需� 1250，� 00 12500 (20c)詔� 

By solving Diophantine equation， Eq. (19c)， 
controller p釘� arnetersare obtained as 

k1=-0.140162， k，=叩 0.0054209，� 
k。=四-0.053803. (20d) 

The solution is easi1y obtained by CDM CAD (MSS， 
2000). The coefficient diagr草� misぬ� ownin Fig.三� 

Fig. 4. SIMO block diagram 
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Fig.5. Coe飴� cientdiagram ofSIMO design 

6. FEED-FORWARD CONTROL DESIGN 

The closed-loop pol戸� ornialm緒� ixequation，such as 
Eqs. (1b) and (3a)，can be obtained from Eqs. (17) 
and (19b) as 

A(s)[α;q] = B.(s)[u.;o，]， 

]，;qα}=Bp(s)[ ;α守[0; 

A(s) =A.(s)Ap(s)+ B.(s)Bp(s) ， 

A.(s) = [10;0 sJ. 

]， s 0九九S+0 0; k1[0B.(s}出� 

えい}� =[1 0;0 koJ. (21) 

Then as Eqs. (17) and (18)，six input“� output relations 
are obtained as 

I，];0(s)[u.えadjA(s)[11P(s)]=;aJ{必ず 

P(s)=detA(s) s) + 50s2 + 1250sゃ� 12500，温� 

adjA(s)札(s)=[九� b12;b11 b:がz，，� 1z"l]' 

bll 240i+ 11792i + 92586s ，
器� 

bl1 = 1.844き8+12500， 

，-4364.9s2=-295.158 11b 

b21 = 18.616s+ 13.887 ， 

bl3 = -0.26666782-308.29ト� 4468.3，

九� =18.616. (22) 

When only 0 is considered as output， rel鈎� on 
becomes 

0=[11P(s)](ムIu. +b12 Q，) (23a)零� 

The pol戸� lomialbll is expressed as 

~I 詰 240(8) +49.132s2 + 385.77s) . (23b) 

http:4468.3，


The 3rd and 2nd order coe芳� icients器revery simi1ar to 
ぜ10器eofP(s). The polynomial bl'l is almo器teq渦� 1to 
P(O)‘� Nowa feed品開 制 �  conむ'Olleris assumed as 

[u.;a，]吋10;240(7;s+l) 1][a， /240;町a~l . 

(23c) 
怠今� (23墨)becomes 

a =[11P(s)][{bIl/240+(宅s+l)bt2}a，+q2 eta;l. 
(23d) 

When T1 is selected as 

宅=0.0689908. (23e) 

the term preceding a，becomes 
bIl /240+(平+l)bt2 

認� s)+49.132s2+1250s十� 12500筈� P(s). (23t) 

Also define a，such血邑� t 

The result is shown in Fig.6. The leftぺlpfi忽� lreis for 
normal acceleration a，and left-down for pitch rate 
q. The right-up figure is for良章録免� renceangl母� of 

attack久� (solidline)，obtained by Eq. (24d)，and 

総� gleof attack α� (broken line). The right-down 
fi鋲Jre� is for ω附� 01surfl事保 ∞n加� 1commands; 

凡� (solidline)，u，(broken line)，andu，(do伐� edline). 

The a and α set袋容� tothe comm轟ndvalue in 0.3 
use畠，� sec or 3τ. The response is very smooth. Bec 

u. 器鵠�  ro，u，and u， swing to the opposite 

direction. The m島ximumdefle号訴� onis 0.28 rad or 16 
d告8 
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A，(s)a，B，出� (s)α，， 
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4
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制Then Eq. (23d) becomes 

α [B，� (s)+etP(O)1P(s)]a;.認� (s)1A，� (24a) 

τhe steady state value of a defined as a" is 

a.. = a~. (24b) 

The st鵠� dyst畠� tevalue of u. d記� fined as u酬� is 

obtained from Eqs. (23c，g) as 
u制=(l/240)(1-et)a;. (24c) 

Th告書ぬ邑�  dystate value of αdefined as α:.. is 

obtained合'om忍q. (15) as 

α首詔 (1/67 1.4)e!a~ . (24d) 

Thus轟� controllerof the follo悦� ngcharacteristics is 
realized. 

(1)The norm誕1acceleration a follo椀� Its
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B，� (s).
(s)1A，� 
(3) The steady state value u醐組d九� canbe 

会� eelyadjusted by 久・� 

The combin械� feedback制� d f挺� d-forwardcontroller 
will be expressed as 

]，αB;(s)a; -Bc(s)[a;q;=，]A;(s)[u.;u

]， s+l)s(7;主主0;-240(s)=A;(s)・� [A，
]，0~soO;kls+k0B.(s)=[O 

B;(s)=[B，� (25)(s)/24伐� koell. 

7. Simulation 

Simul轟.tionis performed with the designed controller 
Eq. (25)，where the exact missile model Eq. (13) is 
used. Three ex草� mplesare shown. 

EX孟mnl邑1.� No f己ed品� rwardco附� 01 

B，� (s)=I， el，� a;3∞mls2.出 需(s)=0， A，� l

Fig. 6. Nかぬ� ed-fo開局�  rdωn柱。� l 

Fig. 7. Quick response f玩� d-fo抑 現 �  rd 

Exarnnle 2. Ouick resnonse feed-forward 

B，� (S)=S2+32s+365，et叫，(s)=16s，A，� 
a;=300m1$2.The result is shown i漁民� g.7.The α 

se泌総� tothe command value in 0.15 sec，b紙袋�  leα 
lizedsettle.This quick response is r悦ぬsec .3 s0初ta

by a large defl奇心� tionof u" 0.52 rad or 30 deg咽� 

Examnle 3. Reduced an盤� le心� f-a性皐� ckfeed品開釘�  d 

，=0.5丸町(s)=s+2，A.5，(s)=12，B
a; =300mli. The result詠� shownin Fig.8. T治� 

Uo 伺 rrieshalf th悲� acceleration.The d念flectionof，� 

総務� leofattackαnow becomes halfお� rm0.44 rad to 
0.22 rad or 13 deg. The maximum deflection of 
u，is 0.44 rad or 25 deg. Both ufand u，have sもeady 
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state value of 0.3 rad or 17 deg. 
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d鉱rwゐd悦fattackf価。d angle∞Redu 8. Fig. 

These examples show the variety of control features 
obtained by 也容� choiceof feed-お� rwardcontrol for 
the same characteri事� ticpolynomial. This is the 
typi磁 波 �  MOfeature and解決�  di偽� rentfrom SISO 
case. 

ODESIGNゐflMSUMARY OF CDM8. 

The MIMO desi炉� stepstaken in this paper器� reas 
follows. 
(1) The plant model given in state備書� paceis simplified 
総� dexpressed in polynomial matrices of right 
Cか� 'primef皆actionform. 。)The tr蹴� sferfunctions between v曇� riousinputs and 
outputsむ� ecalculated，and the denominator and 
nurぉ� eratorpolynomial毒事�  .reshown on c部� fficient 
diagr滋� ns. Appropriate input and output are 
se!ected for feedback control desi伊，� where the 
喜界� tembecomes SIMO. 

(3) A会絞め� edesign，the feedback controller is 
incorporated wi助役� lepl間.1，� and a new plant is 
defined. 

(4) Rep容量� tStep (2)(3) until the de柑� edcharacteristic 

pol戸� lomialis obtained. 


(5) Feed-forward control is desi.gned with the unused 

excess仇� edom.
 

ゑ� CONCLUSION 

The maj or results of this paper are as follows. 
(1) At control s出� lcturedesi.gn， selection of input and 

output is very important. For this purpos悲，� the 
coefficient diagrams of denominator and 
numerator polynomials are foundぬ� bevery 
effective. 

(2) MIMO problem can be decomposed into a serie器
。fSIMO problems. The f己edback ∞� ntrolwith 
desired charact悲� ristic polynomial can be 
effectively designed with this approach. 

(3) The excess 合唱� edom 岳 部 �  be utilized for 
知ル� forward ∞� ntrol design， whereby variou事� 

control characteri鋭部�  canbe easi1y obtained. 
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